1.
Given integers 0 < A < k < v, does there exist a nontrivial graph G with the following properties: G is of order v (i.e. has v vertices), is regular of degree k (i.e. every vertex is adjacent to exactly k other vertices), and every pair of vertices is adjacent to exactly A others? Two vertices are said to be adjacent if they are connected by an edge. We call a graph with the above properties a symmetric (v, k, A) graph and refer to the last of the properties as the A-condition. The complete graph of order v is a trivial example of a symmetric (v, v-l,v -2) graph, but we are of course only interested in non-trivial constructions.
All graphs will be assumed to have no loops or double edges. If the vertices of G are denoted by x lt • • •, x v and S it i = 1, • • •, v denotes the set of vertices which are adjacent to x it then the sets S t form a symmetric block design with parameters (v, k, A) i.e. |S,-| = k, \S { n S,-| = A for i ^ /. Thus the parameters v, k, X must satisfy the Bruck-Ryser-Chowla conditions ( [2] , p. 107) in order that such a graph should exist. However these conditions are by no means sufficient for the existence of a symmetric (v, k, X) graph; it follows for instance from a result of Erdos, Renyi and Vera T. Sos [1] that no non-trivial symmetric (v, k, 1) graph exists, and recently R. C. Bose has proved that for each X there are at most a finite number of symmetric (v, k, X) graphs (private communication). From his results it follows among others that for X prime, k = X(X-\-\), v = A 2 (A+2) is the only possibility. If the condition of regularity is dropped then the star of m triangles with one common vertex is a graph satisfying the A-condition with X = 1; and Erdos has shown recently that all other graphs satisfying the A-condition for any A are necessarily regular (private communication).
The insufficiency of the Bruck-Ryser-Chowla condition for the existence of symmetric (v, k, A) graphs is perhaps not surprising, as these graphs represent block designs of a very special kind. They must satisfy the conditions x t <£ S {> and x t e S 3 -=> x t e S t . What is more surprising is that if the last condition is replaced by the "skew" condition that is, if we ask for a directed graph with similar properties, then it seems likely that such a graph exists for all parameters (v, k, A) with 2A < k for which a block design exists. No counter-example is known to us, of a set of admissible parameters (v, k, A) for which a skew design definitely does not exist.
2.
The purpose of this paper is to show that there exists a symmetric (A 2 (A+2), A(A+1), A) graph for all prime powers A. We shall prove, (ii) each line contains exactly 5 points; (iii) exactly 3 lines meet at each point; (iv) given a line K and a point x not on K, there is exactly one line containing x which intersects K; (v) the vertices can be divided into 5 classes containing 9 points each so that no two points in the same class are on a line.
These properties can easily be verified from the incidence relations given in ([1] p. 160). If we connect by an edge every pair of points which are on the same line, a symmetric (45, 12, 3) graph is obtained. Generally if A is a use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S144678870000776X [3] On a combinatorial generalization 487 prime powei, we shall show that there exists a graph G with the following properties.
Gl: G contains X 2 (X-\-2) vertices G2: There are X 3 "lines" in the graph. That is X s subsets, each containing A+2 vertices so that every two vertices on a line are adjacent. G3: Each vertex is contained in eactly X lines. G4: Each edge is in exactly one line. G5: Given a line K and a vertex x not on K there is exactly one edge connecting x with some vertex of K. G6: The vertices can be divided into X-\-2 classes, each class containg X 2 vertices, so that no two vertices in the same class are adjacent.
By G2 and G3, each of the X lines meeting at x contains A+l vertices distinct from x and (by G4) distinct from each other. By G2 and G4 these are exactly the vertices which are adjacent to x. It follows that G is regular with vertex degree X{X-\-\).
If the vertices x and y are not adjacent then it follows from G5 that to each of the X lines through x there goes exactly one edge from y, hence there are exactly X vertices adjacent to both x and y.
If x and y are adjacent then by G4 there is exactly one line containing both x and y, and this line contains precisely X vertices distinct from x and y. By G5 these are exactly the vertices with which both x and y are connected. Hence G has all the required properties. Note that property G6 has not been used in the argument, but all constructions that we have found have this property.
3.
We shall obtain the graph G from a configuration of "points" and "lines" with the following properties For suppose that C5' is true, and let L be a given line. There are exactly A-f-1 lines distinct from L, through each of the X points of L, and exactly X-1 points on each of these lines; other than the points on L. These points are distinct by C4 and C5'. Hence there are (A-1)A(A+1) = X 3 -X distinct points outside L each of which lies on exactly one line meeting L. But the total number of points outside L is X 3 -X by C2 and C3 and so the truth of C5 has been established.
4.
Let us first assume that X = 2 a . We want a configuration of X s points and A 2 (A+2) lines which has the properties Cl to C6 of §3. For the points of the configuration we take the X 3 points of the affine 3-space 5 over GF(X).
Elements of S are 3-vectors x = (x lt x 2 , x 3 ) with x ( e GF(X).
Choose a set of A+2 vectors a x , a 2 , • • •, a A+2 in S with the property that any 3 of them are linearly independent. Such a set exists by Lemma 1 below.
For each a t we form a family of parallel lines of the form r = r o -\-ta i , the parameter t taking all values in GF(X). Each family contains X 2 lines and each line contains X points. Since no two lines in a family intersect, every point in S lies on exactly one line in each family. Thus properties Cl, C2, C3, C4, C6 are all satisfied.
To show that C5' is also satisfied, take the lines r = r o -\-ta i and r = r o -{-saj, j ^ i which meet at r 0 and suppose that a third line r = r 1 -\-qa k meets the first one when t = t 1} q = q r and the second one when s = s 2 , q = q 2 zfi q x . We now have r o +s t a t = r x +q 2 a k .
Subtracting leads to a linear relation between a it a 3 -and a k , contrary to our assumption of linear independence.
It remains to show the existence of the vectors a,-. We shall prove LEMMA 
If{a x , • • •, a r }isasetof r vectors in affine 3-space S over GF(X) such that any three members of the set are linearly independent, then r ?S, X-\-2 for X even and r ^ X-\-\ for X odd. Both these values are attainable.
PROOF. We may assume that a 1) a 2 ,a 3 are the vectors (1,0,0), (0,1,0 If i ^ j then a,-^ x } for otherwise we would have a,-, a,-, a 3 linearly dependent. Thus there are A-1 possible values for oc t -and we have r 5S A+2. Similarly the components /?,-are all distinct. Also if /SJa,-= yS^/a^ we will have a,-, a,-, a x linearly dependent and so all these ratios are distinct. Now suppose that r = A+2. Then a,-, j8 4 and /3 f /a 4 run through all non-zero elements of GF{X) w h e n B < i^r , a n d , where p is a primitive root of the multiplicative group of GF{X). If A is an odd prime power, we take the same set of vectors with a A omitted. Proof of independence is immediate.
5.
We assume now that A = p n is an odd prime power. 5 is again the affine 3-space over GF(X). Points of S are "points" of our configuration, and the following curves will be the "lines".
where the parameter t ranges over GF(X) and where A, B, C are arbitrary elements of GF(X). Clearly there are A 2 (A+2) such curves, and A points on each curve. We shall refer to (iii) as the curve A, B, C.
For each value of C there are A 2 curves of type (iii), and these curves have no point in common. For suppose that the curves A x , B x , C and A 2 So far we have shown that our configuration has properties Cl, C2, C3, C4, C6. We now verify C5' by showing that no triangles exist. We must consider the following possibilities for L 1 , L 2 , L 3 which form the triangle. which is again a contradiction, and thus property C5' of our configuration is established. In the case of X = 3, the construction of this section yields precisely the dual (obtained by interchanging the roles of lines and points) of the configuration of 27 lines associated with a cubic surface.
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